MONOTONICITY OF SOLUTIONS OF QUASILINEAR DEGENERATE 
ELLIPTIC EQUATION IN HALF-SPACES 



ALBERTO FARINA+, LUIGI MONTORO*, AND BERARDINO SCIUNZI* 

Abstract. We prove a weak comparison principle in narrow unbounded domains for 
solutions to — A p u = f(u) in the case 2 < p < 3 and /(•) is a power-type nonlinearity, 
or in the case p > 2 and /(•) is super-linear. We exploit it to prove the monotonicity of 
positive solutions to —A p u = f(u) in half spaces (with zero Dirichlet assumption) and 
therefore to prove some Liouville-type theorems. 
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1. Introduction and statement of the main results. 

In this paper we consider the problem 

( —A p u = -div(|Vw| p - 2 Vw) = f(u), 
(1.1) lu(x',y)^0, 

(u(x',0) = 0, 
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where N > 2 and we denote a generic point belonging to by (x', y) with x' = 
(xx, X2, ■ ■ ■ , a?jv-i) an d 1/ — ^at- It is well known that solutions of p-Laplace equations 
are generally of class C 1,Q (see [DTI ILiel ITol] ) . and the equation has to be understood in 
the weak sense. 

Our aim is to study monotonicity properties of the solutions. The crucial point to achieve 
such a result is to obtain weak comparison principles in narrow domains. These in fact 
allow to exploit the Alexandrov-Serrin moving plane method |Alel ISerl IGNNl IBN] . 



We refer the readers to jBCNll IBCN2L IBCN31 ILWl IBan2l ED iDaQll lFV2l [QS] for pre- 



vious results concerning monotonicity of the solutions in half-spaces, in the non-degenerate 
case. In particular we refer to the founding papers of H. Berestycki, L. Caffarelli and 
L. Nirenberg that influenced and inspired the subsequent literature, and also to the papers 
of E. Dancer. 



When considering the p-Laplace operator, some results in this direction have been obtained 

2N+2 
N+2 



by the authors in [FMSj for the case <p<2 (the case p = 2 being well studied). 



This paper is devoted to the case p > 2 that turns out to be very much more complicated. 
We will prove our results assuming one of the following: 

(fi) f e C\R + U {0}) n C 2 (R + ) and, given M > 0, there exist a = a(M) > and 
A = A(M) > such that 

as q < f{s) <As q and \f{s) \ < A s"" 1 in [0 , M] 

for some q > p — 1. In the case p — 1 < q < 2 we further assume that there exists 
a constant A > such that, for any < t < s, it follows: 

/(«)"/(*) 



si - ti 



< A. 



(^2) The nonlinearity / is positive (/(s) > for s > 0) and Locally Lipschitz continuous, 
with 

f^ycfS?- 1 in [0,s ] 
for some So > and some positive constant c/. 

Nonlinearities that satisfy (f±) are referred to as power-type nonlinearities. As examples of 
nonlinearities that satisfy (j'2) one can consider exponential nonlinearities or nonlinearities 
like f(s) = (1 + s) q , or super-linear power nonlinearities. 

It is convenient to resume our assumptions as follows: 



(Hi) The nonlinearity / satisfies (fi), and 2 < p < 3. 
(H 2 ) The nonlinearity / satisfies (^2), and p > 2 . 
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Theorem 1.1. Let u G C^ c Q (£ (A>/3) ) and v G C? 'c ( E (a-25,/3+25)) safe/?/ m,Vm G L°°(£ (a>/3) ) 
and ?;,Vd G ^(E^-m^+m))* ™/iere 5 > 0, E (Ai|8) := (M^" 1 x [A,/3]} and < A < 0. 
Assume that (Hi) holds and let u be non-negative and v be positive such that: 

-A p u = f(u) in S(a,/3), 
{ -A p v = f(v) in S( A _2i,/9 +2 |), 
u < v on (9S( Ai/ 3). 



any x' G M. N 1 , it follows 

(1-3) L.s^f^ 



r-2p- 7 ) 2p-2q-2~r 
7 - y 



Assume furthermore that there exists a constant C = C(p,u,v, f, N) > sitc/i t/iat, /or 

/^K) |Vn| T 

u>nere u = ^(xq, ^y^) and /C(x' ) zs defined by^ JC(x' Q ) = B^ j3 _ X) ^(x' ) x (A, 0), 7 < A" — 2 
*/N > 3, or 7 = i/iV = 2 and max{(p - 2) , 0}<r<p-l. 

Tnen inere exists d Q = d Q (p, u, v, f, N) > such tha% if, < — A < do? ^ follows 
that 

(1.4) it < u m S (Aj/ g) . 

On iae oiner nand, i/we assume that f is any positive (f(s) > /or s > 0) locally Lipschitz 
nonlinearity and A > A > and v > v> in £( A _2<5,£+2<5); then (jl.4p follows for any p > 2. 

As already pointed out, Theorem 11.11 is motivated by the application to the study of 
the monotonicity of the solutions to problem (11.11) and it will be exploited as stated in 
Corollary 16.11 

In the semilinear non-degenerate case, weak comparison principles are equivalent to weak 
maximum principles, that in narrow (possibly unbounded) domains can be proved arguing 
as in jBCNlj . 

Considering the p-Laplace operator, we have to deal with two obstructions: the degenerate 
nature of the p-Laplace operator and the fact that it is a nonlinear operator. 
The degeneracy of the operator causes many technical difficulties and the fact that so- 
lutions are not C 2 solutions. In particular, in the case p > 2 that we are considering, 
the standard Sobolev embedding has to be substituted by a weighted version in weighted 
Sobolev spaces. 

Also, the fact that the p-Laplace operator is nonlinear causes that weak comparison prin- 
ciples are not equivalent to weak maximum principles. 



■"■Note that here B r {x') is the ball in J of radius r centered at x' . 

2 do w iU actually depend on the Lipschitz constant Lf of / in the interval 
[- max{||M||oo, ||«|| 0O },max{||u|| oo , IMloo}]- 
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A result similar to Theorem ll.il in the case when 1 < p < 2, was proved by the authors in 
[FMSj (see Theorem 1.1), and was actually the first weak comparison principle in narrow 
unbounded domains for p-Laplace equations. 

Here we continue the study started in [FMSj considering the more difficult case p > 2. 
To do this (and to prove Theorem II. ip we will go beyond the technique introduced in 
[FMSj (see Theorem 1.1 in [FMSj ). taking care of the degeneracy of the weight |Vu| p ~ 2 
that vanishes on the critical points of the solution since p > 2. 

The proofs are based on the use of the Poincare inequality and an iteration scheme which 
makes use of a particular choice of test-functions. 

The case p > 2 is more complicated than the case 1 < p < 2 since the use of the classic 
Poincare inequality has to be replaced by the use of a weighted Poicare type inequality, in 
the spirit of [DSlj . However, the constants in the weighted Poicare type inequality devel- 
oped in [DSlj depend upon the minimum of the solution u (via f(u)) in the considered 
domain. Consequently the Poicare constant may blow-up if u approaches zero that may 
occur since we do not make any a-priori assumptions on u. 

Our effort here (in the proof of Theorem 11.11) is to deal with this phenomenon. To do 
this, in Section [4] and Section [51 we provide a quantitative version of the weighted Poicare 
type inequality developed in [DSlj . In some sense, we measure how the Poincare constant 
blow-up, when u approaches zero. 

This will be used taking also into account the fact that, in case when holds, when u 
approaches zero, also f(u) (and f'{u)) approaches zero as well, with a decay depending on 
the power-like nature of /(•) and this is of some advantage as it will be clear in the proofs. 
The competition of this two phenomena, gives rise to the condition p < 3. 

We actually do not know if p < 3 is or not a sharp condition (in the case of power-type 
nonlinearities). We only remark that p < 3 is the sharp condition in order to get the W l( ^ 
regularity of the solutions. 

Let us now provide some applications that follow once that Theorem 11.11 is available that 
is 

Theorem 1.2. Let u E C^ c Q (Mj) be a positive solution of (fTI]) with \Vu\ E L°°(1R^) and 
assume that (H\) holds. 

Then u is monotone increasing w.r.t. the x^-direction with 



du 



> in R; 



N 
+ ■ 



8xn 
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and consequently u £ C 2 (IR+). 

If moreover N = 3 andu £ L°°(R^_), thenu has one- dimensional symmetry^ with u(x',Xn) = 
u(x N ). 

The proof of Theorem II .21 is based on a refined version of Alexandrov-Serrin moving plane 
method |Ale| ISer[ IGNN[ IBN] that takes into account the lack of compacteness, caused by 
the fact that we work in unbounded domains. We refer to |DPt IDSlj for the adaptation 
of the moving plane technique to the case of the p-Laplace operator in bounded domains. 
Considering the case when the domain is the half-space, the application of the moving 
plane technique is much more delicate since weak comparison principles in small domains 
have to be substituted by weak comparison principles in narrow unbounded domains. This 
causes that there are no general results in the literature when dealing with the case of 
the p-Laplace. In |DS3] it is considered the two dimensional case for positive solutions of 
— A p u = f(u) with a positive nonlinearity /. 

The strength of Theorem 11.21 is that it is proved without a-priori assumptions on the 
behavior of the solution. Namely at infinity the solution may decay at zero in some regions, 
while it can be far from zero in some other regions. It is implicit (we will give some details 
of the proof) in any case in the proof of Theorem 11.21 the following: 

Theorem 1.3. Let u £ C^rJ) be a positive solution of (EE]) with \Vu\ £ L°°(M^). 
Assume that 

p>2 

and f is positive (f(s) > fors > 0) and locally Lipschitz continuous. Assume furthermore 
that 

(1.5) u > Up > in {y > /3} , 

for some (3 > and some positive constant Ua £ KL + . 

Then u is monotone increasing w.r.t. the -direction with 

du 

and consequently u £ C 2 (M+). 



N 



- — > in M+, 
ax j 



The result in particular follows (without assuming (ll.5|) ) if (H2) holds, since (jl.5p is sat- 
isfied in this case (by Lemma \4-S\ ). 

The monotonicity of the solution is an important information, which in particular implies 
the stability of the solution, see |DFSVt IFSVlj . Note in particular that in many cases the 
monotonicity of the solution (and the stability of the solution) can be exploited to deduce 
Liouville type theorems. 

Following [Fa2llDFSVj . we set 

3 The case N = 2 has been already considered in |DS3j . 
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[jp-t)N- pf + p i( p -2)- p\p - l)N + 2pV(p - jgg - 1) 
K } Qc[ ,P) (N-p)[(p-l)N-p( P + 3)} 

that is the critical exponent, that was found in |Fa2] in the case p — 2, and later introduced 
in |DFSVj for the case p > 2. This exponent is critical in the sense that it gives the sharp 
condition for the existence (or non-existence) of stable solution of Lane- Emden- Fowler type 
equations. We refer to |DFSVj for the definition of stable solutions in our setting, and for 
a proof of the fact that monotone solutions are actually stable solutions. 
The exponent q c (N,p) is larger than the classic critical exponent arising from Sobolev 
embedding. We refer the reader to |Zou] previous Liouville type results for p-Laplace 
equations. 

We have the following 

Theorem 1.4. Let 2 < p < 3 and consider u £ C 1 (R^ r ) a non-negative weak solution 
of flUD in K+ with \Vu\ £ and 



Assume that 



f(s) = s 



(p-l)<?<oo, if iV^^±f 

p — 1 

p{p + 3) 



P 



(p- 1) < q < q c (N,m), if N> 
then u = 0. 

If moreover we assume that u is bounded, then it follows that u = assuming only that 
(p-l)<q<oc, if (iV-lK* 



(p-l)<q<q c ({N-l),m), if {N - 1) > 



P(P + 3) 



p — l 

If /(•) satisfies (fv), then it follows that u = /or an^ p > 2. 

The paper is organized as follows: for the reader's convenience in Section [2] we give 
a scheme of the proofs. We collect some preliminary results in Section [31 Section H] and 
Section [5j In Section [6] we prove our main result Theorem ll.il In Section [7] we provide the 
proof of Theorem 11.21 Theorem 11.31 and Theorem 11.41 



4 In the case /(0) > 0, the solution does not exist at all. 
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2. Scheme of the proofs 

The proof of Theorem 11.11 is quite long and somehow technical, we will divide it in 
various steps. 

The main idea is to compare u and v on compact sets, and then pass to the limit in 
the whole strip. The limiting process will be carried by a refined iteration technique. 
Let us emphasize that an important ingredient is the use of a weighted Poincare 
inequality (see Section [5]), that holds true under the abstract assumption (11. 3p on 
v. The reader should keep in mind that, when exploiting Theorem 11.11 to apply 
the moving plane method, v will be replaced by the reflection of the solution u. 
Namely, in the set {y < /?}, we will consider v(x', y) := u(x' , 2/3 — y) and therefore 
we will need to show that actually ( II. 3p holds true in this case. This motivates 
the assumption ( II. 3p . since we will prove that it holds in the case v(x',y) := 
u(x',2(3-y). 

It will be clear from the proof that, modifying ( II. 3p . we could prove the result for 
any p > 2. 

Taking into account (i), we are lead to prove properties of the summability of j^j, 
say in the strip {/3 < y < 2/3} (we consider at this stage this case which is the more 
difficult one). This in fact correspond to proving the summability of in the 
strip {0 < y < (3}. Note that if u approaches zero (that does not occur far from 
the boundary, in the case of bounded domains), then the estimates we get blow up, 
and we have to estimate the way this happens. Recall in fact that possibly u may 
decay at zero also far from the boundary 

We study the summability of t^t- in Proposition 14. 6| where we also exploit Propo- 
sition H3J Actually in the proof of Proposition 14.61 we use Proposition 14.21 that is a 
quantitative version of some known results in |DSlj . 

There is a technical difficulty given by the fact that the constants given by Propo- 
sition 14.21 depend on the distance of the domain from the boundary, that is an 
obstruction when /3 small, namely when we will start the moving plane procedure. 
To overcame this difficulty we will use some scaling arguments. 

The weighted Sobolev (and Poincare) inequality are recalled in Section [51 where 
we also provide a version of it that allows to split the domain in two parts, and 
use a different weight function in each sub-domain. This is needed in the proof of 
Theorem 11.11 

In the super-linear case, the proofs are simpler, since it is possible to use some 
standard translation arguments to show that the solution is monotone near the 
boundary, and strictly positive (bounded away from zero) far from the boundary. 
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This is proved in Lemma 14.81 and Lemma 14.91 and then used to prove Theorem 11.31 



(vi) The Liouville type results proved in Theorem 11.41 follows by |DFSVj . once we know 
that the solution is monotone, and consequently stable. 

If the solution u is also bounded, we can study the limiting profile of u at infinity, 

w(x') := lim u(x' , y + t). 



t— >OD 



which is a stable solution in K , and we get non-existence below the largest 
critical exponent q c (N — l,p). 

3. Some useful known results 



We start stating a lemma that will be useful in the proof of Theorem II. 11 For the proof 
we refer the reader to [FMSj . 

Lemma 3.1. Let 9 > and v > such that 9 < 2~ v . Moreover let Ro > 0, c > and 

£ : (i? ,+oo) R 

a non-negative and non-decreasing function such that 

'C(R) < 9C(2R) + g(R) Vi? > R , 
C{R) < CR U VR > R , 

where g : (Ro, +oo) — > M + is such that 



(3.1) 



lim g(R) = 0. 

Then 

C(R) = 0. 

Referring to [Vazj for the case of the p-Laplace operator, and to |PS3j for the case of a 
broad class of quasilinear elliptic operators, we recall the following: 

Theorem 3.2. (Strong Maximum Principle and Hopf's Lemma). Let Q be a domain in 
M. N and suppose that u £ C l (Vt), u ^ in Q, weakly solves 

—A p u + cu q = g ^ in , 

with 1 < p < oo, q i2 p — ljC^O and g £ L^ C (Q). If u ^ then u > in Q. 
Moreover for any point xq £ dQ where the interior sphere condition is satisfied, and such 
that u £ C 1 (fi U {x }) and u(x ) = we have that |j > for any inward directional 
derivative (this means that if y approaches Xo in a ball B C Q that has Xo on its boundary, 
then hm^ > 0/ 

Also we will make repeated use of the following strong comparison principle (see |DS2j ): 
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Theorem 3.3 (Strong Comparison Principle). Let u, v G C 1 (fi) where Q is a bounded 
smooth domain ofK N with 2 ^+ 2 2 < p < oo. Suppose that either u or v is a weak solution 
of —A p (w) = f(w) with f positive (f(s) > for s > 0) and locally Lipschitz continuous. 
Assume 

(3.2) - Ap(u) - f(u) sC -Ap(u) - /(u) u < v in Q . 
JTien u = v in Q or u < v in Q. 

Let us recall that the linearized operator L u (v, ip) at a fixed solution u of — A p (u) = f(u) 
is well defined, for every v , tp G ifj ,2 (f2) with p = |Vu| p_2 (see |DSlj for details), by 

L u (u,^) = / [|Vw| p - 2 (Vt;,V^) + (p-2)|VM| p - 4 (VM,Vt;)(VM,V^)-/ / (M)^]rfx. 
Jn 

Moreover, v G Hp ,2 (Q) is a weak solution of the linearized equation if 

(3.3) L u {v,<p) = 0, 
for any tp G Hq^(Q). 

By |DSlj we have u Xi G iJ* ,2 (fi) for z = 1, . . . , N, and L u (u xv p) is well defined for every 

<p g with 

(3.4) L u (u Xi ,p)=0 VtpGHffln). 

In other words, the derivatives of u are weak solutions of the linearized equation. Conse- 
quently by a strong maximum principle for the linearized operator (see [DS2] ) we have the 
following: 

Theorem 3.4. Let u G C 1 (f2) be a weak solution of —A p (u) = f(u) in a bounded smooth 
domain fl of M. N with < p < oo, and f positive and locally Lipschitz continuous. 

Then, for any i G {1, . . . , N} and any domain Q' C Q with u Xi ^ in Q' , we have either 
u Xj = in Q' or u Xi > in ft'. 

4. Preliminary results 

In this paragraph we shall prove some useful results that we need in the proof of the 
main result. Let us start stating the following: 

Condition (PE). We say that u(x) satisfies the Condition (PE) in Q, if 

(4.1) Hx)\<C I rp^kdy- 

Jn F ~~ y\ 

This generally follows by potential estimates, see \GT\ Lemma 7.14, Lemma 7.16], that 

gives 



u(x) = C — — -; ——^——dy a.e. (fl), 

\ x — y\ 



with 
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where ujn is the volume of the unit ball in 
where d = diam Vt and S any measurable subset of ft. 



Moreover let fi G (0, 1], we define 

It is well known that (see |GTl pag.159]) 

(4.3) V,[l,U}(x) <^ l u l ~»\U\». 
Let us state the following: 

Lemma 4.1. Let us consider Vt dVt and V^f, Q](x) as in (I4.2p . Then for any 1 < q < oo 

one aas 

(4.4) IIW>«](*)lli*<n) < (^£) ^I^Ml/IL^)' 

u>z£n < o" = </i. 

m g 

Proof. The proof follows by |GT| Lemma 7.12]. □ 

Let us recall from |DSll IPCS] the following: 

Proposition 4.2. Let 1 < p < oo and u G C 1,Q (f2) a solution to 

-A p u = h(x), in f2 
u(x) > 0, m ft 

u(x) = 0. on <9f2 

mt/i /i G C 1 (f2). Let ft' CC f2 and < 5 < dist(Q', dQ) such that h > in ft' s , where 

n' s = { x g n : d(x, n') < 5} cc n. 

s 

Consider the finite covering uC U Bs(xi) with Xi G f2' and S 1 = S*(5). VFe sei 

i=l 

M = max { sup [ — dx ; sup [ — — r dx ; sup [ — -r dx }, 

yen> s Jn' 6 \ x ~ VV v eQ' s Jn' s F - VV + y cn' s Jn' s \ x - yv + 

(4.5) K — SU P |Vn(x)| < oo, 

xen' s 

W= sap\Vh(x)\, 
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forj<N-2ifN>3, or 7 = if N = 2. Also let 
(4.6) 

Then we get: 



< ji < inf 



(4.7) 



, n , |Vm| t |z - yp 
with max{(j9 — 2) , 0} ^ t < p — 1 an<i 



11 



C* = C (jjl, p, 7, r, /, ||u 
25 



IVmIU, 5, N) 



(4.8) /2 



A^ 2 r 2 • M ■ max{(j9 - 1) , l} 2 / 7 2 • R 2p 2 T 



AK 



2p-2-T 



K 



-T-l 



[l(j)-T- 1) 



p—T—1 (p — T — 1)5 2 p—1 



■W 



+ ~fK p 1 T ■ M + --K P 1 T ■ M 




Corollary 4.3. With the same hypotheses of Proposition \4~J^ assume that (f\) holds and 
that |Vn| is bounded. Then 



(4.9) 



C <C 



S(S) 



a 2 (miu) 



2q ■ 



If else (fz) holds, setting a = cr(||tt||oo), we get 

S{5) 1 



(4.10) 



c <c 



6 2 a 2 i ' 



Proof. It is sufficient to apply Proposition 14.21 



□ 



Remark 4.4. Later we will exploit Corollary \4-3\ in the case when the domain is a cube 
in M. N of diameter d. In this case, the reader may easy deduce that 

N 



S(S)<c([±]+l} 



for some constant C that only depends on the dimension of '. 



Later we will take advantage of Corollary 14.31 in some cases. We will anyway need some 
refined estimates on the constant C in the case when (/1) holds. To do this we start with 
the following: 

Proposition 4.5. Let u G C l,a be a solution to (11. II) . and assume that |Vit| is bounded. 
Consider < (3 < f3 and denote 



J 03,2/3) 



{(x',y):x' eR N -\ye [(3,213}} . 



_ u(((3x' + x' ),(3y) 
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If (fx) or (fi) is satisfied, then it follows that there exists a positive constant C = C(/3q) 
such that 

C 

|Vw| < — u, Vx 6 E j g_| i/9+ |. 

Proof. Let us assume that (/1) holds and let x' Q be fixed and lC(x' ) be defined by 

KM) = B pVN tf ) x ((3,2(3). 

and Bp^(x' Q ) is the ball in M^ -1 of radius (3yN around x' . Also let us set u = u(x' , 
and 

(4.11) w°(x',y) 

p u 

Moreover let )Ct{x' ) to be the set corresponding to fC(x' Q ) via the map: 

(x' , y) — > T(x', y) := ((3 x' + x' , (3 y) , 
that is, /C T (V ) := T~\}C(x' )). 

In the following we will use the fact that in domains like JC(x' Q ) and JCt{x ; q ) (or in some their 
neighborhood) the Harnack constant in the the Harnack inequality ( see |PS3t Theorem 
7.2.2]) is uniformly bounded (not depending on (3). 
It follows by (fi) that 

(4.12) - A pW ° = p f(<W + <)>Pv)) = d{x ) {w oy-i in Kttf ) , 

being K,^(x' ) a neighborhood of radius fi > of ]Ct(x' ). We may consider e.g. fi = \. 
Since q > p— 1, d(x) is uniformly bounded in K.t^(x' ) and we can exploit Harnack inequality 
to get 

sup w°Jx',y) < C H inf w°Jx',y) < C H , 
where we also used ( 14. lip . 

We can therefore exploit the interior gradient estimates in [DiJ , see in particular Theorem 1 
in [Di], to get 

\Vw° p \ <C in /C|(4). 

Note that the distance from the boundary of the set K,t{x' q ) is fixed by construction. 
Scaling back we get 

|Vu| < j u < ——^—u in T(JC^{x' )) , 

using again Harnack inequality. The thesis follows now recalling that xq was arbitrary 
chosen. 

□ 
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Proposition 4.6. Let u G C l,a be a solution to (11. ip . and assume that |Vit| bounded. 
Consider < (3 < (3 and let £(/3,2/3) defined as above. If (fx) is satisfied, then there exists 
a constant C = C(f3 ) > such that, for any x' G M^" 1 , it follows 

- ~ ~( N+T - 2p -y) u 2p-2q-2-r 







where u = u(x' , and JC(x' ) defined by /C(V ) = Bq^(x' ) x (f3,2(3), ^ < N — 2 if 
N > 3, or 7 = if N = 2 and max{(p - 2) , 0} < r < j> - 1. 

Remark 4.7. Lei its pomt oiii for future use that, the value u$ = u(x' Q , mat; be substi- 
tuted by the value of u at some other point of JC(x' Q ). Because of the Harnack inequality, 
this only causes a changing of the constant C in (I4.13p . 



Proof. Let 
(4.14) 



u((Px' + x' Q ),Py) 

P 



and consider, as in Proposition 14.51 ^t{x'q) to be the set corresponding to K,(x' Q ) via the 



map: 



[x 



y) 



T(x',y) := ((3 x' + x' ,(3y). Note that wp is bounded in /C^(x' ) (the 



neighborhood of radius fi > of ICt(x' )) by the mean value theorem, and it follows by 
(A) that 

(4.15) -A p wp = f3f(u(((3x' + x' ),(3y)) in . 

We consider in particular /i = |, so that Proposition 14.51 applies (see (I4.16P ). 

Also, setting as above u = u(x' , |/3), we can exploit Harnack inequality, and get 



u < sup u < Ch 



inf 



T{K»(x' Q )) 



u < C H u 



Then, for r < (p — 1) (actually we will let t ~ (p — 1)) and 7 < N — 2 (actually we will 
let 7 ~ N — 2), considering y' G JCt(x' ), by exploiting Proposition 14.21 for ( I4.15P (fixing 
e.g. 5 = 1/8), we get 

1 1 



(4.16) 



< 



k t (x' ) |Vw/3| r \x-y' 
C 



(3 2 a 2 u 2q 



<C 



u 





2p-2-r 




+ 



I3au q T' 



< 



where C = C(r, p, 7, /) . 

We have used here Proposition 14.21 via Proposition 14.51 an d we exploited the fact that the 
Harnack constant is uniformly bounded because of the geometry of the domain, see |PS31 
Theorem 7.2.2]. 
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Scaling, it is now easy to see that, for y G T 1 (K,t(x' q )) 
(4.17) 



K{x' Q ) |Vn| T \x - JK T {x' ) \^Wp\ T \X - f | 7 

2p-2-r 



^ q ^(jV-2-7) ^0 



/3 2p-2-r M 2 g > 

where we used ( 14. 16ft with y' = | G (/Cr(^o))- 

□ 

The above results will be crucial when dealing with the proof of our main results in the 
sub-linear case. We now prove two lemma, that will be mainly used in the super-linear 
case. We will use in particular some translation arguments which, in the semilinear case, 
go back to |BCN2l iDanT] . 

Lemma 4.8. Let u G C rl ' a (Rv') be a solution to ( II. ip and assume that (H2) holds, namely 

f(s)>c f s^ 1 in [0,s ], 
for some s > and some positive constant Cf and p > 2. Denote 

£ (/3 ,oc) = {&,v) ■ x e ^ N ~\y e (A +00)} . 

Then there exits ft > and 5(/3) > such that 

u(x) > 5 (ft) Wx G S (/3j0o) . 



Proof. Let 0f G C 1,q (I?r(0)) be the first positive eigenfunction of the p-Laplacian in Br(0), 
namely a positive solution of 

-A p = Ai(i2)^-\ in B K (0) 
= 0, on 9B fl (0) . 

It is well known that Ai(-R) — > if R — > oo. Let us set 

0?x o ( x ) = <t>i ( x ~ x o) in B n( x o)- 
For i? fixed sufficiently large we have 

(4-18) -A p ft = Ax(i2) faf-J^ 1 

where c/ is as in the statement. Also by assumption 

(4.19) - A p u > CfU^ 1 in n {0 < m(x) < s }. 

Moreover we can redefine the first eigenfunction by scaling so that: 

fto = s 0Mo < n in B r( x o)- 

Setting 

s (i, t) = (x' (i, t), y (i, t)) = x + tei , 
under the condition y (i,t) > R, we can exploit a sliding technique by considering 
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r i,i,t = (Px(x-x (i,t)), 

where G S^ -1 . By ( 14 . 1 8 1) and (I4.19p . exploiting the Strong Comparison Principle (see 
Theorem (I3.3P ). we get (pf it < u for every i,t, such that yo(i,t) > R. In fact, if this is 
not the case, we would have <fii it touching from below u at some point, namely it would 
exist some point x G where 4>f it (x) = u(x) for some i, t, and (j)f it (x) < u(x). This 
(by the Strong Comparison Principle ) would imply i t = u, that is a contradiction since 
<f>i it is compactly supported. Thus we have the thesis with (3 = R and 5(f3) = max<^ xo 
in B R (x ). □ 

Lemma 4.9. Let u G C 1 ' Q (lR Ar ) be a solution to (11. ip such that |Vw| is bounded, with f 
positive and locally Lipschitz continuous. Assume that 

(4.20) u > u fj > in {y>(3}, 

for some (3 > and some positive constant Ug G M + . Then it follows that 

du 
dy 

for some 6 > and some positive constant u' e G M + , withT,^^) — {(x',y) : x' G IR^" 1 ,^ G [0, 



(4.21) — > 'a_g > m S {0i e) 



Proof. We argue by contradiction. Were the claim false, we could find a sequence of points 
x n = (x' n , y n ) such that, for n tending to infinity, we have 

du , 

— (x n , y n ) and y n . 
dy 

Let us now define 

u n (x',y) = u(x' + x' n ,y) 
so that Uttnlloo = ||w||oo ^ C. Arguing as in |FMS] and exploiting Ascoli's theorem, it 
follows that, up to subsequences, we have 

(4.22) u n lo ^ + u 

up to subsequences, for for some a 1 > 0. We consider u in the entire space constructed 
by a standard diagonal process. 

It is now standard to see that — A p u = f{u) in Wl and it follows by construction that u ^ 
in and consequently u > in by the Strong Maximum Principle (see |PS3l IVaz] ). 
since the case u = is avoided by (I4.20p . By construction (since ^(x' n ,y n ) — > 0) it also 
follows that 

g<0,0) = 0. 



Since u is positive in the interior of IRv^, the contradiction follows by the Hopf boundary 
lemma | Vazj . and the thesis is proved. 

□ 
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Remark 4.10. With the same notation of Lemma \4-9\ it is now easy to see that actually 
we may assume that: 

(4.23) u > up > in {y > (3} , 
for some (3 > and some positive constant G M + and 

Ou 

(4.24) _>^>o zn £ (0 , 2/3) , 

/or some positive constant y/_p G M + . 

To prove this it is sufficient to use the monotonicity of the solution near the boundary, 
given by Lemma 4-9, and the Harnack inequality (see \PS3\ Theorem 7.2.2}) far from the 



boundary, like in Proposition^^ 

5. A WEIGHTED SOBOLEV-TYPE INEQUALITY 

Theorem 5.1. Consider two sets Q± and f2 2 such that Q\ C Q, f2 2 C fi, Qi D f2 2 = and 

fii u q 2 = n. 

Lei p and 77 iwo weight functions such that 
(5-1) f -^—T<Ch 



Qt P F - 2/| 
1 



n 2 T|z-J/| 



<C*, 



t = J5|r ; 2=|<r<l, 7<JV-2(7 = 0i/iV = 2). Assume, in the case N > 3, 
without no lose of generality that 

7 > iV - 2t, 

which^ implies Nt — 2N + 2t + 7 > 0. Then, for any w G ifg ^(fii) D i?g^(f2 2 ) ; £/iere exzsi 
constants C Sp and C s such that 

(5.2) |M|l9(q) < C Sp \\Vw\\ L 2^ nuP ) + C Sv \\Vw\\ L 2^ n2 ^ 



1 1 

2 \ , ri ( I „lT7...|2 



= C Sp [ p\VwY) +C S J V \Vw\ 
KJnx / \Jn 2 

for any I < q < 2* it) where 

7 \ 



2*{t) 2 N ' t \2 2N J 
with 

(5.4) C Sp = C{C{)^{C M )W7 and C Sr> = (7(C*)h(C m )W 



5 Note that the condition 7 > N — 2t holds true for rwl and JV-2 that we may assume with no 
loose of generality. 
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where C is as in Condition (PE)U^ C* and C2 are as in the statement of theorem and 



C 



M 



1-5 

N u 



1-5 



Remark 5.2. Note that the largest value o/2*(£) is obtained at the limiting case t ~ -j^, 
and 7 ~ (N — 2), 7 = for N = 2. We have therefore that ( 15.2ft ZioWs /or any q < 2 
where 

1 1 1 p-2 1 

2* ~~ 2 ~ iV + p - 1 ' iV ' 

Moreover one has 2 > 2. 

Proof. Without loss of generality we assume w belonging to C 1 (f2) or Cq(Q) depending on 
the case (z) or (ii) of Condition (PE). Hence equation (14. ip implies 

\Vw(y)\ 



(5.5) 
Then 



\w{x)\ < C 

< C 

< c 



\w(x)\ < C 



-^n d y + c 



1 k — 2/1 

1 



\x-y\ N 
\Vw{y)\ 



-dy. 



\x - y\ 



N- 



^dy 



Oi p2|x-y|2 7 t |as — 2/| 



AT- 



1 \Vw(y)\rp 

ay 

1 nt 



c 



n 2 »7*|z-y| 7 



1 / 



/ 



\Vw(y)\p 



n 2 ?7 2 1 a; — y\ * \x — y\ ^ 
(2ty \ p7 



Qi ]X -y\(N-l- 

\Vw(y)\rj^ 



7 dy 



J 



V 



n 2 \x -y\ {N 1 a 7 * 



(2t)' \ p7 

7 dy 



)(2t) 



7 



where in the last inequality we used Holder inequality with ^ + ^yr = 1. Hence 



(5.6) 



Hx)| < c(c?)3t 



+ C7(C7 2 *): 



|Vw(j/)|pj 



A(2t)' \ (21) 



V 



^ |a ._ y |(Jv-i-^) ( 2ty 

i\(2t)' \ W 



J 



\Vw(y)\rf< 



n 2 \x - y\ {N 1 a* 



)(2t) 



7*/ 



/ 



We point out that 

(5.7) (|Vw;|p5)( 2 *)' e LW(fii) and (\Vw\^f ty e W(fl 2 ). 
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From ( 15.61) . by using equation ( 14.21) with fi — 1 — jr(N — 1 — ^)(2t)', we obtain 



(5. 



\w(x)\ < C(Cl)r t [ Vfl 



("• 


7 1 \ ( 2 *)' 

(\Vw(y)\p-*) 


(*)) 




7 i\(2t)' 

[|Vw(j/)|775j ,n 2 


(*)) 



1 

(2*7 



1 



Moreover we remark that the assumption 7 > N — 2t implies fi > 0. 
We shall use now Lemma 14.11 setting 

1 (2ty 



see ( 15. 7h . In order to apply ( I4.4p . since by assumption Nt — 2N + 2t + 7 > 0, a direct 
calculation shows that it is possible to find a q > 1 such that 

1 1 



m q 



< /1. 



From (15.61) we have 



C(c 2 *)A(V/ 



1 \ (2*)' 



X 



(2*)' 



i\ (2*)' 



1 \ g(2t)' \ ^7 



(2t)' 



and by Minkowski inequality 
(5.9) 



\w(x 



)f 2t y<ix 



9(2i)' 



< C{C{)-t 

+ era A 



v u 



v u 



l\ (2*)' 



i\(2i)' 



(2t)' 

L«(n) 
1 

W(fi) 



From (15.91) , by using Lemma 14.11 we get 
(5.10) 



k(x)| 9(24) < c(c*; 



C(C*)i 



1-5 

9L - R 

N u 



1-5 

N u 



1-5 



1 — — 1 „, a X 
N O -if— 



l-<5 



(2*7 



(2*7 



p|Vw| 2 
77 1 Vu>| 2 
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that gives Q with q(2t)' = 2*(t) and O with C M = (^S) 1 *wi~*|fi|# -tf . □ 

Now we are ready to state the following 
Corollary 5.3 (Weighted Poincare inequality). Let w be as in one of the following cases 

(•) weH^nH^n), 

(ii) w e Hp> 2 (Q) D iJ^ 2 (f2) stzc/i £/ia£ / w — and f2 convex, 

Jq 

and Qi and Q2 such that fl\ C O, ^ C f2, Sli n = and Q± U ^2 = 



Then, if the weights p and rj fulfill (15. ip . iaen 



^<c p (fi)c 2 (cr)*(c M )^ / P \vw\ 2 + (c;)Hc M )^v v \vw\ 

where C, CJ", C|, Cm are as m Theorem \5.1\ and with C P (Q) if \Q\ — > 0. 
In particular, given any < 6* < 1, we can assume that 

(5.11) c p (tt) < c\n\^w . 

Proof. Choose 2 < q < 2*. By Holder inequality we get: 

(5.12) J w 2 < Q w q J \tt\^, 
and then using Theorem 15.11 one has 

w 2 <C p (fi)C 2 ((C*)i(C M )^F f p\Vw\ 2 + (CmW [ r]\Vw\ 
By (16.351) and direct computation it follows (15.111) . □ 



6. A Weak Comparison Principle in narrow domains, Proof of Theorem II .11 

We prove here below Theorem 11.11 Let us start considering the case when (Hi) is 
assumed to hold, that is (fi) holds and 2 < p < 3. Since u and v are bounded, in the 
formulation of (fi) we fix M. = max{||«|| 00 ; ||f ||oo} and a = a(M) > and A = A(A4) > 
such that 

au q <f(u)< Au q and I f'(u)\ < Au^ 1 
(6.1) _ V " 

av q < f(v) < Au q and \f (v)\ < Av^ 1 



In the sequel we further use the following inequalities: 
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V?y, f]' £ ~R N with \r]\ + \r}'\ > there exists positive constants Ci, C2 depending on p such 
that 

(6.2) [\ v r 2 v - wr 2 v'][v - rf\ > cm + \ v '\r 2 \ v - v f, 

\\vr 2 v-\v'r 2 v'\<c 2 (\v\ + m p - 2 \v-vi 

[\v\ p ~ 2 V-W\ p ~ 2 rf][v-r/]>C 3 \r]-r/\ p if p > 2. 
First of all we remark that (u — v) + £ Z/°°(E( A)/ g)) since we assumed u, v to be bounded in 

S (A,/3)- 

Let us now define 

(6.3) « r = [(«-«) + M, 

where a > 1, will be fixed later and (pn(x',y) = <Pr{x') £ C^°(]R Ar_1 ), <^ij > such that 

U R = 1, mB'(0,R)cR N -\ 

(6.4) <<Pr = 7 mR^XB'iO^R), 

[\V<Pr\ < g, infl'(0,2i2)\fl'(0,fl) cR^ 1 , 

where B (Q,R) denotes the ball in M, N_1 with center and radius R > 0. From now on, 
for the sake of simplicity, we set <Pr(x', y) := (p(x?,y). 

We note that * £ Wq'^E^)) by and since u < v on 9E( A)/8 ). 
Let us define the cylinder 

C [m (R) = C(R) := {£ (A>j8) n{S'(0,#)xR}} . 

Then using \P as test function in both equations of problem (11 .2p and substracting we get 

(6.5) 

a [ (\Vu\ p - 2 Vu - \Vv\ p - 2 Vv, V(u - ^) + ) [(u - ^)T~V 
+ / (\Vu\ p ~ 2 Vu-\Vv\ p - 2 Vv,V v 2 )[(u-v) + } a 

JC(2R) 

= I (f(u)-f(v))[(u-v)+]^ 2 . 

JC(2R) 
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By (16. 21) and the fact that p > 2, from ( 16. 5ft one has 

(6.6) a<7 / (|Vw| + |Vt;|) p " 2 |V(M-t;) + | 2 [(M-t;) + ] a "V 2 

< a / (| Vu| p ~ 2 Vn - \Vv\ p ~ 2 Vv, V(« - t;) + ) [(u - v) + ] a "V 2 

ic(2i?) 

= -/ (\\7u\ p ~ 2 X7u - \\7v\ p ~ 2 Vv,X7ip 2 )[(u-v) + } a 

JC{2R) 

+ / (f(u)-f(v))[( U -v) + r v 2 

JC{2R) 

< [ \(\X7u\ p - 2 X7u- \X7v\ p ~ 2 X7v,V(p 2 )\ [(u - v) + ] a 

JC(2R) 

+ / (f( U )-f(v))[( U -v) + r v 2 

JC{2R) 

< d[ (\Vu\ + \Vv\) p ~ 2 \V(u-v) + \\V<f 2 \[{u-v) + } a 

JC(2R) 

+ / (/(«)- /(«)) [(«-«) + ]V, 

^C(2_R) 

where in the last line we used Schwarz inequality and the second of ( 16.21) . 
Setting 

(6.7) h :=C [ {\Vu\ + \Vv\) p ~ 2 \V{u-v) + \\V V 2 \[{u-v) + ] a 

JC(2R) 

and 

(6.8) J 2 := / (/(«)-/(«))[(« -«)+]V, 

JC(2R) 

equation ( 16. 6 p becomes 

(6.9) a<7 / (|Vn| + |Vt;|)^ 2 |V(n-t;) + | 2 [(n-i;) + ] Q "V 2 < A + / 2 - 

ic(2_R) 

We proceed in three steps: 
Step 1: Evaluation of I±. 
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From ( 16. 71) . we obtain 
(6.10) 

h = 2C [ (\\7u\ + \X7v\) p - 2 \\7(u-v) + \(p\V(p\{(u-v) + } a 

JC(2R) 



= 2(7/ (|Vn| + |Vi;|) £ ^|V(n-t;) + |^[(n-tO + ]^(|Vn| + |Vf|) £ ^|V^|[(n-t;) 

JC(2R) 

< s'c f (\vu\ + \vv\) p - 2 \v(u-v) + \ 2 ip 2 [(u-v) + ] a - 1 

Jc(2R) 



ct + l 
2 



+ % l (|Vn| + |Vi;|r 2 |V^| 2 [(n-tO 

JC(2R) 



ia+1 



where in the last inequality we used weighted Young inequality, and 5' will be chosen later. 
Hence 



(6.H) h^n+ii 

where 

(6.12) II := 8'C [ (\Vu\ + \Vv\y- 2 \V{u-v) + \ 2 v 2 [(u-v) + } a -\ 

JC(2R) 

I\ := § / (|Vu| + \Wv\r 2 \^\ 2 [(u - v) + } a +\ 

JC(2R) 

Let us consider now N = N(R) cubes Qi with edge I = (3 — \ and with the y— coordinate 
of the center, say yc, such that y c = More precisely we indicate with (x l , ) the 
center of the cube Qi. Moreover we assume that Qi D Qj = for i ^ j and 

N 

(6.13) [JqIdC^R). 

i=i 

It follows as well, that each cube Qi has diameter 

(6.14) dmm(Qi) = d Q = VN{(3-\), i = l,---,N. 

The idea in considering the union (16.1 3ft . is to use in each cube Qi the weighted Poincare 
inequality, see Corollary 15.31 and taking advantage of the constant C that turns to be not 
depending on the index i of (16.131) . In fact let us define 



(6.15) w(x 



u-v) (x',y) if (x',y) e Q{, 

u-vY(x',2(3-y) ii(x',y)eQ r i , 
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where (x', y) G 7% iff {x', 2/3 - y) G Q 4 . 

Since / w(x)dx = 0, we have that 

</q,uq: 



w(x) = C 



(xi - Zi)Diw(z) 



«uQr F z 



JV 



dz a.e. iGQjU Q[. 



where C 
(6.16) 



N\Q\jQ r \ • Then for almost every x E Qi one has 



Kx)| < C 
= C 
< 2C 



\Vw(z) 



QiUQr F _ 2 , 
|Viu(z)| 
la;-^^- 1 

\Vw(z)\ 



N-l 



dz 



\x — z 



N-l 



dz + C 



dz . 



\Vw(z) 



r \X — Z 



N-l 



dz 



where in the last line we used, the following standard changing of variables 



z\ = z x 



y -N-\ — Z N-1 

y N = 2(3 - z N , 



the fact that for x G Qi, one has (\x — z\) < (\x — z t \) and that, by ( 16. 15ft it holds 

\\7w(z)\ = \\/w(z t )\. Once we have (I6.16p . the proof of Theorem 15. II applies by considering 
Q = Qi, that is the case we are interested here. 



- We analyze the term l\. 
By ( 16. 4 p and since Vu, Vv G )J/0 )), we have 



(6.17) 

— on- j C (2R)nQi 
Then we are going to use Corollary 15.31 with 



and 



n\ = c(2R) n Q t n {u > — } 



O i = C(2R)nQ i n{u<—}, 



with m > to be chosen later and considering the weight rj = 1 in Q 2 and the weight 
p = \Vu\ p - 2 in Q\. 

At this stage, it is important to note that actually each domain Q\ and Q l 2 depends in fact 
on R. Anyway, to make simpler the reading, we use the notation Q\ instead of Q\(R) and 
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VL 2 instead of D, 2 (R). 
We set 

(6.i8) C* = c p (n\) ■ c 2 (d Q ) • (CT)i • (C M )W7, 

where all the constants are those given in Corollary 15.31 Let us emphasize that the Poincare 
constant in Q 2 is estimated as for the standard (not-weighted) case, since we choose rj = 1 
in Q l 2 . 

Thus, using Corollary 15.31 and the classical inequality (a + b) p < 2 p (a p + If), for a, b > 0, 
we get from (16.171) 

(6.19) 

TV 



n * Ete/ n ,iv u i-|v[ (u -,)i«* 



[(u-v) + ] a - 1 |V(u-v) +,: 



< 



C(njd Q ,a) 
S'R 2 

fc»%5 / |V«r 2 [(u-t;) + ]- 1 |V[(«-t;) + | a 

XL /n> 

jv-i o, , C(fl2,dg,a,y) JV _ 1 

TV 

AT-1 



1=1 



being 2^ 1 f3R N 1 lo^-i > ^^|f2 2 |, where wn-i is the volume of the unit ball in 
Thus (16 . 191) states as 
(6.20) 



i=l E M 

C(^ 2 ,dQ,a,^,/3,iV) 

Jj>2+m(a-l)+l-7V 

To estimate C" we are going to estimate the constant O* in (16. 18ft . 

Since we are considering the domain fl\ = C(2R) fl Qi D {u > -^}, we have that 
(6.21) dist m*, = 0}) > ———— > 



u — v] 



for some positive constant C, that does not depend on R since |Vw| is bounded. In fact 
by mean value theorem one has u(x',y) < Cy, that implies (I6.2ip by the definition of Q\. 
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Now we apply Corollary 14.31 with 5 = and e fixed sufficiently small in order that 

1 

u > 

2R m 

in the neighborhood of radius 5 of Q\. Note that such e > exists, and does not depend 
on R, since the gradient of u is bounded. 

Moreover the number S = S(8) for the covering of every Qi (see Proposition 14.21 and 
Remark |4.4p can be estimated by 

S < CR mN , 

for some constant C > 0. 

Exploiting Corollary 14.31 (see (14. 9p ). we obtain 

C* < CR iN+2q+2)m mQ\. 
Thus equation ( 16.201) . by using (16 . 1 8j) . becomes 
(6.22) 

I\ < & [ (IVmI + IV^D^Km-^+J^^V^-^+I 2 

Jc(2R) 



+ 



>C(2R) 

C(nid Q ,a,5>,p,N) 



j£2+m(a-l)+l-N ' 

with 

(6.23) & = C ■ C P (Q{) ■ C 2 (d Q ) ■ {C M )^ ■ R^ N+2ll+ ^ f " 2 . 

It is here that we choose m small and a big such that 
(i) (N + 2q + 2)j -2 < -1; 

(ii) 2 + m(a- 1) + 1 — iV > 1. 

Note that later t will be fixed close to ^f. We point out that condition {%) holds true 
for m close to zero, since t > 1 (see Theorem 15. IP ; instead condition (ii) is satisfied for a 
sufficiently large. 

It is crucial here that the choice of m and a does not depend on A neither on cLq. 

From (I6.22p . we have 
(6.24) 

/ {\Vu\ + \Vv\f- 2 [{u - v) + ] a - 1 \V[(u - v) + \ 2 

Jc(2R) 



h - R 
R 



+ 
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for some positive constants 

(6.25) Ci(fii, d Q , 5') ^ if \Q t \ ->■ or d Q -> , 
C 2 (l4 d g , 5') -> if |Qi| -> or d Q -> 0. 

Moreover we remark that, for the sake of simplicity and reader convenience, we have 
explicited in the constants Ci(-, ■, ■) and C^-, ■, ■) only the dependence on the parameter 
that in the sequel we are going to use. 

Thus, by using ( 16.1 2p and (I6.24p . equation ( 16. lip states as 

(6.26) h < 5'C [ (\Vu\ + \Vv\) p - 2 \V(u-v) + \ 2 ip 2 [(u-v) + ] a ^ 

Jc(2R) 



+ 9^M9i^l f (|vu| + \vv\y- 2 i(u - ^)+r 1 |v[(« - «) 

" </C(2i?) 

c 2 (ni,d Q ,6') 



R ■ 

Step 2: Evaluation of I 2 ■ 
We set 

(6.27) h= f f ^ - M [(u - v) + ] a+ V, 



C(2R) 



(u — v) + 



and 



(6.28) = inf v and Kj = supv, 
where 

Qi, := {x e R N I dist(x , Q { ) < 5} 
and 8 as in the statement. We set 

v o :=v(4» —3—) 

recalling that (xq , ^rp) is the center of the cube Qi. By Harnack inequality we have 

(6.29) Ki < vl < Ki < CnKi < C H vl . 
Let us consider the two following cases: 

Case 1: q > 2. 

By Taylor expansion of /(•), we obtain 



/(«) = /(«) + /'(«)(« - «) + ^(« - 1;) 2 , 
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with v < £ < u. Then (16.271) turns out to be 



N N 

\{u-v) 



(6.30) h = E/ /»[(^-^)T +1 + E / 

i=1 JC(2R)nQi i=1 JC 



/' (6 r/., „.-\+ia+2 



(2it)nQi 2 



/ 2 a + 4 



with 



TV 

(6.3i) J 2 a: =E/ /'(«)[(« -«) + r 

i=1 JC{2R)nQ l 



and 



- We start estimating If. 
We have 



AT iV 



i=1 JC(2R)r\Qi V 7 i=1 JC{2R)r\Qi V 7 



Setting 

(6.32) C« = C P (Q,) • (7 2 (d Q ) • (C^ • (C M W , 

(where all the constants are those given in Corollary 15 .3 j) by using the weighted Poincare 
inequality given in Corollary 15. 3[ we have 

TV 

I a 2 < Civ^C 9 / \Vv\ p - 2 \V{u - v) + \ 2 [{u - v)^" 1 < 

(6.33) Mm) ^ 

N 

< C{viy- x Ct [ d Vu l + |Vi;|)^ 2 |V(n - v) + \ 2 [(u - v) + ] a ^ , 

i=1 JC(2R)nQ l 

since p > 2. Considering definition (16.321) . we shall estimate (vq) 9 ^ 1 ^^)^ . By our assump- 
tion ( II. 3p . for < t < 1, we can exploit Theorem 15.11 In this case our assumption ( jT~3j) 
replaces the general assumption (15. ip in Theorem 15.11 Thus we get 

(«o) ff_1 ( c T)' < c , /3 [ ^- 2p+(p - 1)r - 7] (^K) 9 - 1+[2p - 2 - (p - 1)r - 29l (^. 



Here, we are using the relation r = (p — l)r = (p — 2)t. Recall also that 7 = if iV = 2 
while if N > 3 we can take any 7 < N — 2, with 7 sufficiently close to iV — 2 (7 > TV — 2t) 
according to Theorem 15.11 
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For q — I + p — 2 — 2g £ 5f > 0, namely (we use here the assumption 2 < p < 3) for: 

[g-(p-l)](p-3)<0, 

we can consequently take r — 1 sufficiently small such that 

g - 1 + [2p - 2 - (p - l)r - 2g] > , 

and consequently we get by f !6.33|) 

{yi) q - X & < C {C M )Tk C » p( g. )( ^ )9 -l+[2p-2-( P -l)r-2 3 ]^ /3 [iV-2 P+ ( P -l),- 7 ] ^ 

(6.34) _ 2 
where we also used that v l Q < ||f ||oo < C. 

Recall now that C p (Qi) is given by Corollary 15.31 (see (15. lip ). In particular, for any 
2 < q < 2* (see Remark 15. 2p we have 

(6.35) C p (Qi) < C\Q^ < C(f3 - \)^\ 

where 9 is any number such that < 6 < 1 (actually we take 9 close to 1). 
For ^-j- > p — 2, namely (and we use again here the assumption 2 < p < 3) for: 

p(p - 3) < 

we can fix 9 close to 1, 7 close to N — 2, r close to 1, such that 

— ^— 9 + [N-2p+(p- l)r - 7 ] /~ 2 > 
p — 1 (p — l)r 

so that we can rewrite (16. 33ft as follows: 
(6.36) 

I a 2 < C 3>a (d Q ) [ (|V W | + |V U |r 2 |V( W - U ) + | 2 [(«- U ) + ] a - 1 

JC(2iJ) 

with 

(6.37) C 3 ,a(rfQ)^0 if d Q ^0, 

where in the constant, for simplicity, we have stated the dependence on cIq since it will be 
used in the sequel. Actually we have C^ a {do) < C((3 — A) s for some s > 0. 



- Consider now the term l\. 
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2') 



One has 
(6.38) 



jv „ 

i=1 JC{2R)r\Qi v J 



N 



< Cj2C P (d Q ) [(u-v)+r+ 2 -?\V(u-v) + \r } 

i=1 JC{2R)r\Qi 

where we used Poincare inequality in W 1 ' p {Qi), since (u — v) + is zero on <9E 
u, v, Vu, Vf G L°°(S( Aj/ g)), since we have 

(6.39) |V(m - v) + \ p < {\Vu\ + \Vv\) p ~ 2 \V(u - v) + \ 2 , 

from (I6.38P it follows 
(6.40) 



Being 



N 



I b 2 < CY,C P (d Q )(\\u\\ 00 + 



\3-p 



i=l 



(\Vu\ + \Vv\r 2 \V(u-v) + \ 2 [(u 

'C(2R)nQi 



ia-l 



< C 3 , b (d Q ) / (|V«| + \Vv\r 2 \V(u - v) + \ 2 [(u - v) + ] a -\ 

JC(2R) 



where as above 
(6.41) 



C 3 ,b(d Q ) ^ if d Q 



and again we are using the assumption 2 < p < 3. 
Consider now 

Case 2: p - 1 < q < 2. 



h= I u\u)-f{v))[{u-v) + r^ 2 . 

JC(2R) 

Consider first the function {^/u) 2q . By Taylor expansion we have 

u q = v q + 2g( v ^) 29 - 1 (v / ^ - v^) + 2g(2g - l)^ 9 " 2 ^ - v^) 2 , 
with y/v < £ < y/u. Then, since u > v, we obtain 
(6.42) 

v q ~^{^ ~ Vv) + ^" 2 (v^ - y/vf 



u q -v q 



< C 
= C 



(v^+v^) (V^+v 7 ^) 2 
< C^- 1 (M-t;) + + L7[(M-t;) + ]^ 1 



u ff_1 [(u -w)+] 3 - p 



>U + v^)2-2(3-P) (VU + v^) 2 ( 3 -f) 

< CV^w - v)+ + Cu q+1 ~ p [(u - v) + ] p -\ 
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for some positive constant C = C(q). In the last line of (16.421) we used that, by a straight- 
forward calculation, one has 

[(U " V)+]3 ~ P <Cu^ 



tu + v^)2-2(3-f>) (^ + ^7)2(3- P ) 

with C = C(J jii| |oo) an d Q > P — 1) recalling that 2 < p < 3. 

By ( 16.42ft and recalling that < A by condition (/i) for s > t, the term J2 can be 

estimated as follows: 



(6.43) 



h < C[ v q - 1 [{u-v) + } a+1 dx+ / \(u-v) + ] a+p ~ l dx 

<C(2R) JC(2R) 



N N 



< 



C [ V / u 9-1 [(u - t;) + ] Q+1 rfx + V / [(u - v) + ] a+p ^dx 
for some positive constant C = C(q, WuWl^)- 

Following exactly the same calculations used for the term If in (I6.3ip . we estimate the 
first integral on the right of (I6.43[) as follows 



(6.44) [ v q ~ 1 [{u-v) + ] a+1 dx 

< C(d Q ) [ (\Vu\ + \X7v\) p - 2 \X7(u-v) + \ 2 [(u-v 

Jc(2R) 



with 

C(d Q ) -> if d Q -> 0. 
The second integral on the right of (I6.43P states as 

(6.45) / ([(u-v)*]*^) dx 



i=i 

7v 



< Y.C p {d Q ) [ [(u-v^Mu-v) 

i=1 JC{2R)nQi 

< C p (d Q ) [ (\Vu\ + \Vv\Y~ 2 \V(u-v) + \ 2 [( 

JC(2R) 



V 



u — V 



where we used equation (16.391) and Poincare inequality in W 1,p (Qi) with C p (g?q) — >- if 
dn^O. 
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Then, in the case p-l<g<2by ( 16.431) . (16.441) and ( 16.451) for I 2 we have 



(6.46) 7 2 < L7 3 , c (rf Q ) / (|V«| + |V^|) p - 2 |V(« - i;) + | 2 [(u - u) 

JC(2_R) 

for some 

(6.47) C 3 , c (d Q )^0 if d Q ^0. 

Then, for any q > (p — 1), by equations ( I6.36p . (I6.40p . ( I6.46p . from (I6.33|) we get 

(6.48) I 2 < C 3 (d Q ) [ (|Vu| + |Vi;|r 2 |V(n - v) + \ 2 [(u - v)^ 1 , 

Jc(2R) 

where 

C 3 {d Q ) = 2max{C 3i a(d Q ), C 3 , b (d Q ), C 3iC (d Q )} 
and moreover, from equations ( I6.37p . (I6.4ip and ( I6.47P one has 

(6.49) C 3 (d Q )-^0 if d Q ^0. 



Step 3: Passing to the limit and concluding the proof. 
From equations (16. 9p . (I6.26P and ( I6.48P we obtain 



(6.50) aC [ (|Vm| + \Vv\) p - 2 \V(u - v) + \ 2 {(u - v)^-^ 

JC(2R) 

< 5'C I {\Vu\ + \Vv\) p ~ 2 \V(u-v) + \ 2 V 2 [{u-v) + ] a ~ 

Jc(2R) 



+ C ^ d Qi 6 ') f Q Vu \ + |v^|r 2 |V[(n - v) + \ 2 [(u - v) + ] a ^ + 

R JC(2R) R 

+ C 3 {d Q ) f (\Vu\ + \Vv\y- 2 \V(u-v) + \ 2 [(u-v 

JC(2R) 



ia-1 

^ | vu| -t- | \ v\y \\ya — vj \ yya — vj 

>C(2R) 

Let us choose 5' small in (I6.50p . say 5' such that 

(i) C = aC -5'C >0. 
Also let R sufficiently large and dQ sufficiently small such that 

K ' C\ R 
Let us set 



+ C 3 (d Q )^j <2- N . 



£(R) : = ! (|Vn| + |Vi;|) p - 2 |V(n-i;) + | 2 [(n-i;) + ] 
Jam 



+1Q!-1 



i cm 

and 

c 2 (ni,d Q J>) 



g(R) 



CR 
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Then, since it, Vii,i>, Vi> G L°°(£(a,/3)), by (16.501) . one has 

C(R) < 9£(2R) + g(R) Vi? > 0, 
C(R) < CR N Vi? > 0, 

and from Lemma [3. II with v — N, since 9 can by taken such that 9 < 2~ N , we get 

C(R) = 

and consequently the thesis, in the case when (Hi) is assumed. 

Let us now consider the more simple case when A > A > and v > v > in £(a-2<5,/3+2<5)- 
In this case the constant in ( II. 3p is uniformly bounded and (jl.3p is: 

f 1 1 

( 6 - 51 ) / i^Tki h^ C - 



Consequently the weighted Poinvere constant provided by Corollary 15. 31 are also uniformly 
bounded. Therefore, the proof used in the previous case (when (Hi) is assumed) can be 
repeated verbatim. The fact that the weighted Poinvere constants provided by Corollary 
5.3l are uniformly bounded, allows to get (jl.4j) for any p > 2. Also the reader will guess that 
we only need in this case to estimate the term ^MzZiHi by a constant, and the assumption 
that / is locally Lipschitz continuous is enough. 

Corollary 6.1. Let u G be a solution to ( II. ip and assume that (Hi) hold. Let as 
above ^(x,p) := {K^ -1 x [A, with < A < (3. Assume that \Wu\ is bounded and define 
up to be the reflection of u (w.r.t. the hyperplane {y = (3}) defined by: 

up(x',y) ■■= u(x',2/3 - y) . 

Then there exists d = d (p, u, f,N)>0 such that, if < (f3 — A) < d and u < up on 
d'Enp), then it follows that 

u<Ufi in S(a,j8). 

The same conclusion holds assuming E(A',^3') ^ ^(o,/3)> u < up on dH(\i t p>) and (/?' — A') 
sufficiently small (say (/?' — A') < do). 

Proof. We apply Theorem 11.11 to u and v = up, so that the condition expressed by (II. 3p . 
turns to be satisfied thanks to Proposition 14.141 (see also Remark 14.7ft . □ 

7. Proof of Theorem 11.21 Theorem 11.31 and Theorem 11.41 
Proof of Theorem 

The proof of Theorem 11.21 follows directly by Theorem 11.11 (exactly the version given by 
Corollary I6.ip . and repeating verbatim the proof of Theorem 1.3 in jFMS] . by replacing the 
application of Theorem 1.1 in |FMS] with the application of Theorem 11.11 (see Corollary 
6.ip proved here. 

We only remark that, doing this, Theorem 11.11 has to be exploited in strips 

:= {R^ 1 x [0,/3]}, 
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where the solution u is bounded since we assumed that |Vu| £ L°°(IR+) and taking into 
account the Dirichlet assumption. This allows to exploit Theorem 11.11 

Theorem 11.11 therefore applies and leads to the proof of the first part of Theorem II. 2\ 
that is 



du 



> in R*. 



dx N 

It follows now that u has no critical points and therefore u £ Cf oc (R+) by standard regu- 
larity theory, since the p-Laplace operator is non-degenerate outside the critical points of 
the solution. 



Let us now assume that u is bounded and that N = 3 (the case N = 2 is analogous 
and has been already considered in |DS3j ) and let us show that u has one-dimensional 
symmetry with u(x',xn) = u(xn). We exploit some arguments used in |FSVlj to which 
we refer for more details. For any (xi,x 2 ,y) £ R 3 and t £ IR, we define 



(7.1) u*(x 1 ,x 2 ,y) : 

and 

/*(*) : 



u(x 1 ,x 2 ,y) if 2/ > 0, 
-u(x 1 ,x 2 , -y) if y < 0, 



f(t) if t > 0, 
/(-*) if t < 0. 
It follows, taking into account that /(0) = 0, that 

(7.2) -Aj,u* = f*(u*) in R N . 

Moreover u* is monotone with u* > by construction. The conclusion follows therefore by 
the 1-D results in |FSVlt lFSV2j . In particular by Theorem 1.1 and Theorem 1.2 in |FSV1] 
it follows that u* (and therefore u) is one dimensional. 

Proof of Theorem \1.3[ 

Taking into account (11.51) . we can apply Lemma [4.91 to get that 

(7.3) ^ > yf_0 > in S (O)0 ) , 

for some yfj, , 6 > and S {0 ,9) = {(x',y) : x' £ R N ~ l ,y £ [0,6]}. 

Consequently u(x', y) < ue(x', y) = u(x', 9 — y) in S^ and the moving plane procedure 
can be started. To conclude it is needed to repeat the proof of Theorem 1.3 in |FMS] . In 
this case, since we already started the moving plane procedure, we only have to exploit the 
weak comparison principle in narrow domains (Theorem 11.11) far from the boundary, with 
v = Up the reflection of u w.r.t. the hyperplane {y = /?}. It is important now to remark 
that by Lemma 14.91 (see also Remark I4.10p v = up is uniformly bounded away from zero 
far from the boundary and we can exploit the second part of the statement of Theorem 
11.11 which allows the result to hold for / positive(/(s) > for s > 0) and locally Lipschitz 
continuous and for any p > 2. 
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If (H 2 ) holds, we can exploit Lemma l4~8l to deduce (11.51) and the thesis by the above argu- 
ments. 



Proof of Theorem 



The proof of the first part of Theorem 11.41 (that is u = if q < q c (N,p)) follows directly 
by Proposition 2.3 in |DFS V] . recalling that monotone solutions are also stable solutions. 
Equivalently we can also apply Theorem 1.5 in |DFSV] if we assume that u is defined in 
the whole space by odd reflection as in (17. lj) . 

To prove the second part of Theorem 11.41 (that is u = if q < q c ((N — l),p)) we argue 
as in Theorem 12 of [Fa2j and we assume by contradiction that u is not identically zero. 
Therefore, u > in by the strong maximum principle |Vaz] . Also for simplicity we 
assume that u is defined in the whole space by odd reflection as in (17.11) . 
Consequently we can exploit Theorem 11.21 and get that u is monotone increasing with 
> in . Since u is bounded by assumption in this case, we can define 

(74) w(x) := lim u(x', y + t). 

The limit in (El holds in C^M^" 1 ) and w is a bounded weak solution of 

(7.5) -A p w = w q in R N ~\ 

see for example |FSV1] . Here below we will show that w is stable so that the thesis u = 
will follow by Theorem 1.5 in |DFSV] applied in IR^ -1 . 

Let us therefore show that w is stable, that is 

(7.6) L w {<j>,(f>)= [ \Vw\ p - 2 \V<p\ 2 + (p-2) ! |Wf" 4 (Vw;,V0) 2 - ! qw q ~ x <\? > 

Jn Jn Jn 

for any G ^(M^" 1 ). We set 

u\x\y) := u(x',y + t). 

Since u is monotone so does w* for any t e M, consequently u l is also stable for any teM 
(see jDFSV] ). and therefore L u t(ip,tp) > for any ip £ C™(R N ). 

We then take <p := ipi(x')ip2(y), with (fx £ C^°(B' R ) where B' R is the ball of radius R in 
IR^ 1 centered at zero, and y9 2 : WL — > R of the form <f2(y) '■= yfJiT(ny), where fi > is a 
small parameter, r £ C^°(R) and J R r 2 (y)dxN = 1 , so that 

(7.7) / tpl{y)dx N = 1 . 

Jr 

The stability condition for u f reads as 



(7.8) 



L u t((p 1 (x')ip 2 (y),(pi(x')ip 2 (y)) > 
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Note now that q > p — 1 and p > 2 implies that qs q ~ 1 is C . 

This and the assumption p > 2, together with the fact that the limit in (I7.4p holds in 
C^M^ -1 ), gives that ||Vw| p ~ 2 — |Vu>| p_2 | and \u q ~ l — w q ~ l \ are uniformly small in the 
cylinder B' R x supp (<^ 2 ) for t = t(/i) large. Consequently by the stability condition (17.81) 
and some elementary calculations we get 

< L u (<pi(x')tp 2 (y) , ipi(x')<p 2 (y)) = L w (<Pi , ipi) + r{n , t) , 

where r(/i , t) can be taken arbitrary small for \i small and t = large. This shows that 
L w (ipi , (fi) > and and the stability of w in M^" 1 . 

Let us now prove the last part of the thesis, and assume that p > 2, with /(•) satisfying 
{f 2)- We deduce again by Theorem 11.21 that u is monotone increasing with ^- > 111 
We therefore define w as above and get the thesis by the fact that w = by |MPj . 
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